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F r o m  an a n a l y s i s  of the  e x p e r i m e n t a l  d a t a  [1] we have  found the  r e l a t i o n s h i p  b e t w e e n  s u r f a c e  
f r i c t i o n  and the  Maeh n u m b e r .  

Be low we e x a m i n e  the  f low of gas  in a tube  at  a subson ic  v e l o c i t y  at the  in le t ,  and with  an exhaus t  
c r i s e s .  Al l  of the  q u a n t i t i e s  a r e  d i m e n s i o n l e s s .  The l i m i t  v e l o c i t y  s e r v e s  as  the  v e l o c i t y  s c a l e  and the  
s t a g n a t i o n  t e m p e r a t u r e  r e p r e s e n t s  the  t e m p e r a t u r e  s ca l e ;  fo r  the  p r e s s u r e  and d e n s i t y  s c a l e s  we use ,  r e -  
p e c t i v e l y ,  the  p r e s s u r e  and d e n s i t y  at  the  in i t i a l  s e c t i o n .  The  c o e f f i c i e n t s  of d y n a m i c  and t u r b u l e n t  v i s -  
c o s i l y  have  b e e n r e f e r r e d  to  the  d y n a m i c  v i s c o s i t y  at the  wa l l .  It is  f u r t h e r  a s s u m e d  tha t  y = yr0, x = x r ~ e ,  
X = x / 2 r 0 ,  and Re is  r e f e r r e d  to r0 /2  , to the  v e l o c i t y  s c a l e ,  and to the  v i s c o s i t y  s c a l e .  

The  b a s i c  r e s u l t s  [1] can  be  f o r m u l a t e d  in the  fo l lowing  f a sh ion :  

a) in p r a c t i c a l  t e r m s ,  the  p r e s s u r e  is a func t ion  only of the  long i tud ina l  c o o r d i n a t e  x; it d i m i n i s h e s  
wi th  i n c r e a s i n g  s p e e d  as  i t  a p p r o a c h e s  the  e x h a u s t ,  so tha t  d p / d x  ~ - ~  as  x - - x f ;  

b) the  s t a g n a t i o n  t e m p e r a t u r e  is  kept  vh~cuaIly cons t an t  at  a l l  po in t s  in the flow; 

e) the p r o f i l e  of the  l ong i t ud ina l  v e l o c i t y ,  with a p p r o a c h  to the  exhaus t ,  f i l l s  out  a!l  the  m o r e  r a p i d l y ,  
t h i c k e n i n g  at  the  c en t e r ;  

d) t h i s  p r o f i l e ,  wi th  the  e x c e p t i o n  of s m a l i  a r e a s  n e a r  the  ax i s  and the wal t ,  is r a t h e r  wel l  a p p r o x i -  
m a t e d  by the e x p o n e n t i a l  r e l a t i o n s h i p  u = u ly  n, w h e r e  the  exponen t  n d i m i n i s h e s  v e r y  r a p i d l y  t o w a r d  the 
exhaus t ,  a t t a i n ing  v a l u e s  of the  o r d e r  of 1/15 fo r  t te  0 ~ 106; 

0,6 

o,4. 

F i g .  1. P r e s s u r e  p a s  a func t ion  of the  
d i m e n s i o n l e s s  length  X (the po in t s  
show the e x p e r i m e n t  d e s c r i b e d  in [1], 
and the c u r v e  r e p r e s e n t s  the  a p p r o x i -  
mar ion  a c c o r d i n g  to  (15), a = 0.35). 

e) the m e a n - m a s s  v e l o c i t y  w on a p p r o a c h  to the e xh aus t  in-  
c r e a s e s  v e r y  r a p i d l y ,  r e a c h i n g  s u p e r s o n i c  v a l u e s  at x = xf. 

At ou r  r e q u e s t ,  the  a u t h o r s  of [1] w e r e  kind enough to give 
us  t h e i r  p r i m a r y  da ta ,  which t o g e t h e r  with c e r t a i n  l i m i t  r e l a t i o n -  
sh ips  c h a r a c t e r i z i n g  the c r i s e s ,  e na b l e d  us to ob ta in  i n f o r m a t i o n  
as  to the  n a t u r e  of the  change  in the  s u r f a c e  f r i c t i o n .  

It was  a s s u m e d  th roughou t  in [3] tha t  T O < ~ ,  a l l  the  way  to 
x = xf. At the  s a m e  t i m e ,  the  n a t u r e  of the  v a r i a t i o n  in the  v e -  
l o c i t y  p r o f i l e  shows  tha t  a s  x ~ x f  we mus t  have  T O ~ ~ .  Th i s  is  
not a p a r a d o x i c a l  r e s u l t :  it  is  in a g r e e m e n t  wi th  the  F a l k n e r  and 
Skan [2] r e s u l t  f a m i l i a r  f r o m  the  t h e o r y  of the  l a m i n a r  b o u n d a r y  
l a y e r .  

To p r o v e  ou r  s t a t e m e n t ,  we wi l l  e x a m i n e  the r a d i u s  of c u r v a -  
t u r e  fo r  the  p r o f i l e  of the  l ong i tud ina l  v e l o c i t y  at the  tube  wa l l :  

Ou /2] a/2 
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F i g .  2. Mean m a s s  v e l o c i t y  w a s  a func t ion  of the  p r e s -  
s u r e  p (the po in t s  deno te  the  e x p e r i m e n t  d e s c r i b e d  in 
[1], and the  c u r v e  r e p r e s e n t s  the  a p p r o x i m a t i o n  a c c o r d -  
ing to (16)). 

F o r  the  s c a l e  which  we have  adop ted  

(0u) 

To determine (02u/0y2)0  we wi l l  use  the  equa t ion  of mo t ion  in the  P r a n d t l  a p p r o x i m a t i o n ,  i . e . ,  

w h e r e  

au ~ o__u_u = _ ~ dp 1 a (r'c) 
pu ~ + Repv Oy dx + 2r 09 

~=k--1  
2k 

As y - - O  we have  

[ o(,~/] = ~ dp  

(2) 

(3) 

o r  
~ ' , 

In t h e  u s u a l  m a n n e r ,  if we a s s u m e  tha t  

then 

au = ( .  + s) , Oy 

ou /o ~ oy, Io + {, ~y oy /o N o" 

B e a r i n g  in mind  tha t  e 0 = (0e/0Y)0 = (0 /~ /0y )  0 = 0, we ob t a in  

(o, 
OY ~ ]o o ' 

and f r o m  (4) we wi l t  t h e r e f o r e  have  

( O~u ) § 2~ dp 
OY ~ o =.% dx 

(4) 

(5) 
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Fig .  3. F r i c t i o n a l  s t r e s s - ~  0 = (To) 
/T0]X=33 at the wal l  as  a func t ion  
of M,. 

Subs t i tu t ing  (2) and (5) into (1), we find 

(1 + Tg) 3/2 (6) 
rio = 

To_}_2~ dp " 
dx 

If we had T0f < ~ ,  as x ~ x f ,  when dp /dx  ~ - o o ,  it is not d i f f icul t  
f r o m  (6) to f ind that  rf0 ~ 0. 

It is p h y s i c a l l y  i m p o s s i b l e  to d e m o n s t r a t e  such b e h a v i o r  of 
the tongi tud ina l  ve loc i ty  prof i le ,  if we r e c a l l  the r e s u l t s  of the ex -  
p e r i m e n t s  d e s c r i b e d  in [11. We m u s t  t h e r e f o r e  a s s u m e  that  T O 
~oo  as x ~ x f .  

Having c a r r i e d  out the s imple  t r a n s f o r m a t i o n s ,  as x ~ x f  
f r o m  (6) we obta in  

1+ T 0) 1 (  T0 ) 
rf~ = x301 + 2 K ~  xdp / x3 -~ 2-k dp]dx f" 

Hence it fol lows that  as x ~ x f  the quan t i ty  r 0 mus t  approach  inf in i ty  as ( - d p / d x ) P ,  where  /3 -> 1/3.  F o r  
= 1/3 the c u r v a t u r e  r a d i u s  rf0 r e m a i n s  l im i t ed ,  while  for  fi > 1/3 it i n c r e a s e s  without  bound in abso tu te  
magn i tude .  

Near  x = xf we can thus  a s s u m e  that  

% = A - -  + -.. , (7) 

where  13 -> 1/3.  

F o r  the upper  bound of /3, we wr i t e  the d i s t r i b u t i o n  of the t angen t i a l  s t r e s s  r in the f o r m  

x = (1 - -  g )  i f  + (v  O - -  : )  (1 - -  g ) m l ,  (8) 

where  

T o + k- dp 

= - -  ~' m = - - 2  To--f  

This  d i s t r i b u t i o n  s a t i s f i e s  condi t ion  (4) at the wall ,  as wel l  as the condi t ions  71 y=0 = r0, ~-1 y=l = 0. 

In the l im i t  case  of the flow of an i n c o m p r e s s i b l e  l iquid T O + k(dp/dx) = 0 and m = 0, and (8) changes  
into an o r d i n a r y  l i n e a r  r e l a t i o n s h i p  T = T0(1 -- y). 

The va lue  of f can be d e t e r m i n e d  f r o m  the equa t ion  of mot ion  at the channel  ax is :  

--d-2 + E  , 

which is found f r o m  (3) as r ~ O .  
1 

Let us make  the n a t u r a l  a s s u m p t i o n  that  the quant i ty  .f 7dy r e m a i n s  l imi t ed  at any c r o s s  sec t ion  of 
the tube.  I n t eg ra t i ng  (8), we find 0 

Tdy = @ 2 -~--dx-dP 1 - t - - - f  
dp 
ax 

F r o m  this  equat ion ,  on the s t r eng th  of the b o u n d e d n e s s  of f, it fol lows that n e a r  x = xf 
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where  /3 _< 1/2.  

In (7) and (9) we thus have 

% = A (  -dP l~ 
- - d x ]  + ' " '  

1 1 - - . ~  ~ . ~ - - .  
3 2 

(9) 

(10) 

The quant i ty  ~-o can be found  f r o m  the equat ion  of m o m e n t u m  

Xo = ~ d--; + 6 , 

1 

where  w = ( l /G) / "  pu2(1 - y)dy is the mean  m a s s  ve loc i ty ,  

0 

N e a r  x = xf, f r o m  (9) and (11) we have 

A = ( - - d P ~ ' - ~ ( ' k q - G ~ - p p )  dx ] 

(11) 

(12) 

f r o m  which,  on the s t r eng th  of the  boundedness  of A and the condi t ion d p / d x ~  -oo as x---xf,  b e a r i n g  in mind 
that  13 < 1, we find 

d~ 

N e a r  x = xf the p r e s s u r e  p can be p r e s e n t e d  as  

p = pf + a (xf  - x )  ~ ~- . . . ,  

w h e r e  a < 1. 

It is not diff icul t  to  e x p r e s s  a in t e r m s  of /3, expanding the i n d e t e r m i n a c y  in (12) as  x ~ x f .  

In (12), b r ing ing  x to xf ,  on the b a s i s  of the l 'HSpi ta l  ru le ,  we find 

A ~ dp G d~w ~, dx ] 
__ dp ~ '-a ~ 1 _ _  ~ dp ~ d*p 

dx } dx* 

(14) 

A s s u m i n g  that  (d2w/dp2)f ~ 0, f r o m  th is  r e l a t i onsh ip  and f r o m  (14) we find that  

a = 2  13, 

whence ,  with (10), we find that  

1 ~ u ~ < 2  

3 5 

If we a s s u m e  that  (d2w/dp2)f -- 0, f o r  the d e t e r m i n a t i o n  of A we need f u r t h e r  expans ion  of the i n d e t e r -  
minacy .  If (daw/dp3)f ~ 0, we have a = (2 - / 3 ) / ( 3  - /3 ) ,  o r  with c o n s i d e r a t i o n  of (10), 

0.6 ~<a ~ 0.625. 

P r o c e s s i n g  the  e x p e r i m e n t a l  da ta  f r o m  [1], we b e c a m e  convinced  tha t  (~ < 0.6. 

We m u s t  t h e r e f o r e  have 1/3 -< ce _< 2 /5  and (d2w/dp2)f ~ 0. As the  app rox ima t ion  r e l a t ionsh ip  fo r  p(X) 
n e a r  the  exhaus t  we can t ake  

p = pf + a(Xf ~ X )  ~ .4- b (Xf ~ X )  v, (15) 

w h e r e  T > a .  
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Figure  1 shows the function p(X) for the "B" experiment in [1]. Here we have c~ = 0.35, T = 0.99808, 
a = 0.09619, and b = 0.00147. 

As we can see, approximation (15) shows good agreement  with the experiment in a ra ther  large r e -  
gion of X values before the exhaust. F r o m  (15) it is now easy to determine the derivat ive dp/dx. 

To calculate ~-0 f rom (11) we also have to know the derivative dw/dp. Considering (13), we approxi-  
mate the mean mass  veloci ty w in a r a the r  small  a rea  around the exhaust with the express ion  

E (16)  
~' = ~ f  - -  --5-- (p - -  p f )  + a2 (p - -  Pf)~. 

Here wf is determined f rom the experimental  values for  nf = 1/15.4, for the flow rate,  and for  pf. We find 
the magnitude of a 2 by using the method of least  squares for the values of w found f rom the experimental  
data in [1]. It proved to be equal to 0.4140. 

Figure  2 shows [he approximation curve (16) and the experimental  values of w. The agreement  is 
quite good. 

Figure  3 shows T 0 = ~-0/~-0[ X---33, calculated on the bas is  of (11), (15), and (16), as a function of the 
Mach number M. ,  determined f rom the one-dimensional  model, i.e., f rom the equation 

w, - -  G. (17) 
P l - -w~ 

The p rocess ing  of the exper iments  descr ibed in [1] with considerat ion of the limit relat ionships thus 
leads to the conclusion that the surface fr ict ion T o increases  with an increase  in M,. 

These resu l t s  are  in qualitative agreement  with the experiment  designed to measure  surface fr ict ion 
di rec t ly  at the wall of a tube [4]. 

x is the longitudinal coordinate; 
y is the t r ansve r se  coordinate; 
r is the tube radius; 
u is the longitudinal velocity component; 
v is the t r a n s v e r s e  veloci ty component; 
p is the p ressure ;  
p is the density; 
# is the dynamic viscosity;  

is the coefficient of turbulent viscosity;  
k is the isentropic exponent; 
G is the mass  flow rate; 
w is the mean mass  velocity; 
M is the Mach number; 
Re is the Reynolds number; 
~- is the tangential s t r ess .  

N O T A T I O N  

S y m b o l  

0 
1 
f 
X = 33 
0 

denotes the wall of the tube; 
denotes the tube axis; 
denotes the final section of the channel; 
is the c ross  section where the boundary layer  fills the entire c ross  section of the tube [1]; 
is a quantity determined f rom the stagnation tempera ture ;  
denotes a quantity determined on the bas is  of (17). 

1o 
2. 
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